Abstract. The convergence of the spheroidal eigenvalues Xmn strongly depends upon their initial values. At moderate values of the focal parameter c (which is a product of the wave number and the semi-focal distance of spheroid) and intermediate numbers n (n > m), the asymptotic expansions for Am" of both prolate and oblate spheroidal differential equations require additional higher order terms so that a specific initial value of Xmn could be confined within the convergence circle and therefore rapidly reach an accurate value. The previously published results of the asymptotic expansions for both prolate and oblate spheroidal eigenvalues have the higher order terms up to c~5. The author has added two additional higher order terms (c-6 and c~7) to the asymptotic expansions, greatly improving the convergence of Xmn and speeding up the computational process. In addition, the higher order terms for the eigenvalues of the Mathieu differential equation may be readily obtained by using the transformation from the prolate spheroidal differential equation.
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1. Introduction. In prolate spheroidal coordinate systems, the angular differential equation of wave functions is expressed in the form:
where t] is the spheroidal angular coordinate with -1 < rj < 1; Smn and Xmn are the spheroidal angular functions and eigenvalues of order m and degree n, respectively; m and n are the positive integers with n > m.1 By introducing a new angular function umn such that Smn = (1 -r,2)m'2umn (2) and transforming the angular coordinates through
Eq. 
from which the following transcendental equation may be generated [1] :
where Flammer's notation for continued fractions is adopted, and Qs = ^(<7 + 25 -1 -m)(q + 2s -1 + m), (7.1) Ps = 2s(q + s-2c), (7.2) Amn = Xmn + c1 -2qc + ^(<j2 + 1 -m2); (7. 3) in which q -n for (n -m) odd, (7.4) q = n + 1 for (n -m) even. (7.5)
Next, writing Amn in the asymptotic form of c, viz:
and substituting it in Eq. (7), we can calculate the coefficients 4 0= 1,2,3,...); then Xmn may be obtained from Eq. (7.3).
2. Asymptotic expressions for prolate and oblate spheroidal eigenvalues. J. Meixner [2] derived the asymptotic expressions for both prolate and oblate spheroidal eigenvalues up to the c~5 higher order terms. The author has developed two additional higher order terms. The involved calculations become more lengthy and complicated as the order goes higher. It is worth pointing out that two coefficients in the term for the eigenvalues A derived by Goldstein [3] need to be corrected: 270379q2 and 149553 should be 276004i72 and 166428, respectively. Making use of the asymptotic and the ordinary power series expansions containing the higher order terms, we have virtually closed the gap between these two expansions, which was formed from using previous expansions that lacked the necessary higher order terms.
